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Abstract: In the present work, subordination results for function f(z)γ belonging to a new class of an-
alytic function Sγn(α, β, j) defined using the concept of Hadamard product are obtained. Also coefficient
estimates, growth and distortion properties for function f(z)γ in the class RSγn(α, β, j) of Bessel type are
equally investigated.
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1 Introduction and Preliminaries

Denoted by A the usual class of analytic functions f(z) having the form

f(z) = z +

∞∑
k=j+1

akz
k j ∈ N (1)

normalised with f(0) = f ′(0) − 1 = 0 in the unit disk U = {z ∈ C : |z| < 1}. Also, let S ⊂ A denote the
class of all analytic univalent functions in the open unit disk U. Suppose that an index γ (γ is real) is posed
on f(z) defined in (1), then

f(z)γ =
(
z +

∞∑
k=j+1

akz
k
)γ

(2)

Expanding (2) binomially, we obtain

f(z)γ = zγ +

∞∑
k=j+1

ak(γ)zγ+k−1, γ > 0. (3)

Now, for functions f(z) ∈ A, Salagean introduced and studied the following differential operator:

D0f(z) = f(z)

D′f(z) = D(D0f(z)) = zf ′(z)

Dnf(z) = D(Dn−1f(z)) = z(Dn−1f(z))′, (4)

(see [2, 8, 9]). Thus, with the aid of (3) and (4) we obtain the differential operator

Dnf(z)γ = γnzγ +

∞∑
k=j+1

(γ + k − 1)nak(γ)zγ+k−1. (5)

In 1994, Opoola [9] studied a special class of analytic funtion denoted by T γn (β) satisfying the inequality

<
{
Dnf(z)γ

zγ

}
> β, z ∈ U (6)

and his study has led to the development of some properties of the class T γn (β). In the recent time, the class
T γn (β) of Bazilevic type has gained the attention of both young and old researchers in the field of complex
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analysis (especially univalent function theory) and the result of their findings authenticated diversely in
literatures (see [2, 8] among others). However, a litle modification was made to (6) by Babalola [1] such
that

<
{
Dnf(z)γ

γnzγ

}
> β, β ≥ 0, z ∈ U (7)

where γ > 0, n ∈ N0 = N
⋃
{0} and Dn is the well-known Salagean derivative operator.

Here, we recall that the second-order linear homogeneous differential equation (that is the generalized
Bessel differential equation)

z2w′′(z) + bzw′(z) +
[
cz2 − p2 + (1− b)p

]
w(z) = 0 (8)

has a particular solution up(z) which has the series form

up(z) =

∞∑
k=0

(−c)k

k!Γ(p+ k + b+1
2 )

(z
2

)2k+p
. (9)

The function up(z) in (9) is referred to as the generalized Bessel function of the first kind and of order p,
where b, c, p ∈ C.

Incidentally, up(z) can be normalized using the transformation

up(z) =
[
a0(p)

]−1
z−

p
2wp(z

1
2 ) (10)

such that

up(z) =

∞∑
k=0

(−c/4)k

(m)kk!
zk (11)

where m = p + b+1
2 and z ∈ C (see [4, 7, 10]). It is pertinent to note that the function defined in (11) is

analytic and satisfies the second-order linear differential equation

4z2u′′(z) + 2
[
2p+ b+ 1

]
zu′(z) + czu(z) = 0. (12)

From (11), one can write that

zup(z) = z +

∞∑
k=j+1

(−c/4)k−1

(m)k−1(k − 1)!
zk, j ∈ N. (13)

Using the concept of convolution (Hadamard product), we have that

Jγn(β, j)f(z)γ = Dnf(z)γ ∗ zup(z) = γnzγ +

∞∑
k=j+1

(γ + k − 1)nψkak(γ)zγ+k−1 (14)

where

ψk =
(−c/4)k−1

(m)k−1(k − 1)!
, m = p+

b+ 1

2
, and b, c, p ∈ C.

Suppose that β ≥ 0, −1 ≤ α < 1, and γ > 0. We let Sγn(α, β, j) denote the subclass of S consisting of
function f(z)γ of the form (3) and satisfy the analytic criterion

Re

{
Jγn(β, j)f(z)γ

γnzγ
− α

}
> β

∣∣∣∣Jγn(β, j)f(z)γ

γnzγ
− 1

∣∣∣∣. (15)

Further, let
RSγn(β, j) = Sγn(β, j) ∩R
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where R is the subclass of S consisting of functions of the form

f(z)γ = zγ −
∞∑

k=j+1

ak(γ)zγ+k−1, ak(γ) > 0, γ > 0, and j ∈ N. (16)

The following lemmas shall be necessary for the purpose of our present investigations (see [3,6]).

Lemma 1.1. Let δ 6= 0 be a complex number. Also let q(z) be such that q(z) 6= 0 and a univalent function
in U , we have that

Re

{
1 +

zq′′(z)

q′(z)
− zq′(z)

q(z)

}
> max

{
0, Re

(δ − 1

δ
q(z)

)}
. (17)

If p, (p(z) 6= 0), z ∈ U satisfies the differential equation

(1− δ)
(
p(z)− 1

)
+ δ

zp′(z)

p(z)
≺ (1− δ)

(
q(z)− 1

)
+ δ

zq′(z)

q(z)
(18)

then p ≺ q and q is the best dominant (see[12]).

Lemma 1.2. Let ω be analytic in U with ω(0) = 0. If |ω(z)| attains its maximum value on the circle
|z| < 1 at a point z0, then

z0ω
′(z0) = tω(z0), (19)

where t is a real number and t ≥ 1 (see[5, 8]).

Lemma 1.3. If f ∈ A satisfies

Re

[
1 +

zf ′′(z)

f ′(z)

]
<

µ+ 1

2(µ− 1)
,
(
2 ≤ µ < 3, z ∈ U

)
(20)

then
zf ′(z)

f(z)
≺ µ(1− z)

µ− z
,

and ∣∣∣∣zf ′(z)f(z)
− µ

µ+ 1

∣∣∣∣ < µ

µ+ 1

(see[10]).

2 Subordination Results

Theorem 2.4. Let γ be real (γ > 0), n ∈ N0 = N ∪ {0} and δ 6= 0 be a complex number such that

Re

{
1 +

z(1− t+ 2tz)

(1 + tz)(1− z)

}
> max

{
0, Re

(δ − 1

δ

)(1 + tz

1− z

)γ}
. (21)

If the subordination

(1− δ)
[
z(Jγn(β, j)f(z)γ)′

γn+1zγ
− 1

]
+ δ

[
1− γ +

z(Jγn(β, j)f(z)γ)′′

(Jγn(β, j)f(z)γ)′

]

≺ (1− δ)
[(

1 + tz

1− z

)γ
− 1

]
+

δγ(1 + t)z

(1 + tz)(1− z)
(22)

59



Subordination Results Associated With Generalized Bessel Functions

holds true. Then f(z)γ ∈ Sγn(α, β, j).

Proof. Upon setting

p(z) =
z(Jγn(β, j)f(z)γ)′

γn+1zγ
and q(z) =

(1 + tz

1− z

)γ
. (23)

Then,

Re

{
1 +

zq′′(z)

q′(z)
− zq′(z)

q(z)

}
> max

{
0, Re

(δ − 1

δ

)(1 + tz

1− z

)γ}
= max

{
0, Re

(δ − 1

δ
q(z)

)}
,

(1− δ)
(
p(z)− 1

)
+ δ

zp′(z)

p(z)
= (1− δ)

[
z(Jγn(β, j)f(z)γ)′

γn+1zγ
− 1

]
+ δ

[
1− γ +

z(Jγn(β, j)f(z)γ)′′

(Jγn(β, j)f(z)γ)′

]
≺ (1− δ)

[(1 + tz

1− z

)γ
− 1

]
+

δγ(1 + t)z

(1 + tz)(1− z)
= (1− δ)

(
q(z)− 1

)
+ δ

zq′(z)

q(z)

In view of Lemma 2.1, we have established that f(z)γ ∈ Sγn(α, β, j) of Bessel type. If we let γ = 1, n = 0
and t = 1, then the following Corollary is immediate.

Corollary 2.5. Let δ 6= 0 be a complex number such that

Re

{
1 +

2z2

1− z2

}
> max

{
0, Re

[(δ − 1

δ

)(1 + z

1− z

)]}
. (24)

If the subordination

(1− δ)
[(
J ′0(β, j)f(z)γ

)′ − 1
]

+ δ
[z(J ′0(β, j)f(z)γ

)′′
(J ′0(β, j)f(z)γ

)′ ] ≺ (1− δ)
[1 + z

1− z
− 1
]

+
2δz

1− z2
(25)

holds true, then f(z)γ belongs to the class S1
0(α, β, j).

Theorem 2.6. Let the function f(z)γ be of the form (16) and satisfying the condition that

Re

{
1− γ +

z(Jγn(β, j)f(z)γ)′′

(Jγn(β, j)f(z)γ)′

}
<
γ(t+ 1)

2(t− 1)
t > 1, γ > 0, z ∈ U. (26)

Then f(z)γ belong to the class Sγn(α, β, j) of Bessel type.

Proof. Let ω be defined by

z
(
Jγn(β, j)f(z)γ

)
γn+1zγ

=
(1 + tω(z)

1− ω(z)

)γ
, ω(z) 6= 1. (27)

Then, ω is analytic in U , and since t 6= 1, therefore ω(0) = 0. Also it follows that,

Re

{
1− γ +

z(Jγn(β, j)f(z)γ)′′

(Jγn(β, j)f(z)γ)′

}
= Re

{
γ(t+ 1)zω′(z)

(1 + tω(z))(1− ω(z))

}
<
γ(t+ 1)

2(t− 1)
t 6= 1. (28)

Next, we show that
∣∣ω(z)

∣∣ < 1.
Let there exists a point z0 ∈ U such that

max︸︷︷︸
|z|≤|z0|

∣∣ω(z)
∣∣ =

∣∣ω(z)
∣∣ = 1.

Then, using Lemma 2.3 and letting ω(z0) = eiθ and z0ω
′(z0) = σeiθ, σ ≥ 1, we obtain

Re

{
1− γ +

z(Jγn(β, j)f(z)γ)′′

(Jγn(β, j)f(z)γ)′

}
= Re

{
γ(t+ 1)zω′(z)

(1 + tω(z))(1− ω(z))

}
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= Re

{
γσeiθ(t+ 1)

(1 + teiθ)(1− eiθ)

}
=
γσ(t+ 1)

2(t− 1)
≥ γ(t+ 1)

2(t− 1)
t > 1, γ > 0.

Thus,

Re

{
1− γ +

z(Jγn(β, j)f(z)γ)′′

(Jγn(β, j)f(z)γ)′

}
≥ γ(t+ 1)

2(t− 1)
, (z ∈ U) (29)

which counter the hypothesis (23). Therefore, we conclude by saying that |ω(z)| < 1 for all z ∈ U and

z
(
Jγn(β, j)f(z)γ

)
γn+1zγ

≺
(1 + tz

1− z

)γ
, t 6= 1, γ > 0, z ∈ U (30)

and this completes the proof.

3 Coefficient Estimates

In this section, we present both the coefficient estimate results and the necessary and sufficient condition
for function f(z)γ of the form (16) belonging to the class RSγn(α, β, j) of Bessel type.

Theorem 3.1. A function f(z)γ having the form (16) belong to the class RSγn(α, β, j) of Bessel type if for
β ≥ 0, −1 ≤ α < 1 and γ > 0

∞∑
k=j+1

(γ + k − 1

γ

)n∣∣∣ψk∣∣∣∣∣∣ak(γ)
∣∣∣ ≤ 1− α

1 + β
(31)

where

ψk =
(−c/4)k−1

(m)k−1(k − 1)!
, m = p+

b+ 1

2

where b, c and p belong to the set of complex numbers.

Proof. It is sufficient to show that

β
∣∣∣Jγn(β, j)f(z)γ

γnzγ
− 1
∣∣∣−Re{Jγn(β, j)f(z)γ

γnzγ
− 1

}
≤ 1− α. (32)

It follows that

β
∣∣∣Jγn(β, j)f(z)γ

γnzγ
− 1
∣∣∣−Re{Jγn(β, j)f(z)γ

γnzγ
− 1

}
≤ (1 + β)

∣∣∣Jγn(β, j)f(z)γ

γnzγ
− 1
∣∣∣

= (1 + β)
∣∣∣ ∞∑
k=j+1

(γ + k − 1

γ

)n
ψkak(γ)

∣∣∣. (33)

The last expression is bounded above by 1− α if

∞∑
k=j+1

(1 + β)
(γ + k − 1

γ

)n∣∣ψk∣∣∣∣ak(γ)
∣∣ ≤ 1− α.

Hence the prove.

Corollary 3.2. A function f(z)γ having the form (16) belong to the class RS1
n(α, β, j) of Bessel type if

∞∑
k=j+1

kn
∣∣∣ψk∣∣∣∣∣∣ak∣∣∣ ≤ 1− α

1 + β
, ak(1) = ak.
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Corollary 3.3. A function f(z)γ having the form (16) belong to the class RS1
n(α, 0, j) of Bessel type if

∞∑
k=j+1

kn
∣∣∣ψk∣∣∣∣∣∣ak∣∣∣ ≤ 1− α.

Corollary 3.4. A function f(z)γ having the form (16) belong to the class RS1
n(α, 0, j) of Bessel type if

∞∑
k=j+1

kn
∣∣∣ψk∣∣∣∣∣∣ak∣∣∣ ≤ 2.

Theorem 3.5. A necessary and sufficient condition for function f(z)γ of the form (16) to be in the class
RSγn(α, β, j) is that

∞∑
k=j+1

(1 + β)
(γ + k − 1

γ

)n∣∣ψk∣∣∣∣ak(γ)
∣∣ ≤ 1− α (34)

γ > 0, β ≥ 0, −1 ≤ α < 1, n ∈ N ∪ {0} .
Proof. In view of Theorem 3.1, we only need to prove the necessity. Now, if f(z)γ belongs to the class
RSγn(α, β, j) and z is real, then

1− α−
∞∑

k=j+1

(γ + k − 1

γ

)n
ψkak(γ)zk−1 ≥ β

∣∣∣− ∞∑
k=j+1

(γ + k − 1

γ

)n
ψkak(γ)zk−1

∣∣∣. (35)

Letting z → 1 along the real axis, we obtain the desired inequality

∞∑
k=j+1

β
(γ + k − 1

γ

)n
ψkak(γ) ≤ 1− α−

∞∑
k=j+1

(γ + k − 1

γ

)n
ψkak(γ)

which implies that
∞∑

k=j+1

(1 + β)
(γ + k − 1

γ

)n∣∣ψk∣∣∣∣ak(γ)
∣∣ ≤ 1− α.

Here, it is worthy to note that the function f(z)γ given by

f(z)γ = zγ − 1− α

(1 + β)
(
γ+k−1
γ

)n∣∣ψk∣∣∣∣ak(γ)
∣∣zγ+j (36)

is the extremal function.

Corollary 3.6. If the function f(z)γ defined by (16) belong to the class RSγn(α, β, j), then

ak(γ) ≤ 1− α

(1 + β)
(
γ+k−1
γ

)n∣∣∣ψk∣∣∣ , k ≥ j + 1. (37)

The equality (37) is attained for the function f(z)γ given by (36).

4 Growth and Distortion Properties

Growth and Distortion properties for function f(z)γ in the class RSγn(α, β, j) are presented in this section.

Theorem 4.1. Let f(z)γ defined by (16) be in the class RSγn(α, β, j). Then, for
∣∣z∣∣ < r = 1, β ≥ 0,

−1 ≤ α < 1 and γ > 0

rγ − 1− α

(1 + β)
(
γ+j
γ

)n∣∣ψj+1

∣∣ ≤
∣∣∣f(z)γ

∣∣∣ ≤ rγ +
1− α

(1 + β)
(
γ+j
γ

)n∣∣ψj+1

∣∣ . (38)
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The result (38) is attained for function f(z)γ given by (36) for z = ±r.

Proof. Observe from Theorem 3.5 that

(1 + β)
(γ + j

γ

)n∣∣ψj+1

∣∣ ∞∑
k=j+1

∣∣ak(γ)
∣∣ ≤ ∞∑

k=j+1

(1 + β)
(γ + k − 1

γ

)n∣∣ψj+1

∣∣∣∣ak(γ)
∣∣ ≤ 1− α. (39)

Thus,

∣∣f(z)γ
∣∣ =

∣∣z∣∣γ − ∞∑
k=j+1

ak(γ)
∣∣z∣∣γ+k−1 ≥ rγ − rγ+j ∞∑

k=j+1

ak(γ) ≥ rγ − 1− α

(1 + β)
(
γ+j
γ

)n∣∣ψj+1

∣∣rγ+j . (40)

Similarly,

∣∣f(z)γ
∣∣ =

∣∣z∣∣γ +

∞∑
k=j+1

ak(γ)
∣∣z∣∣γ+k−1 ≤ rγ + rγ+j

∞∑
k=j+1

ak(γ) ≤ rγ +
1− α

(1 + β)
(
γ+j
γ

)n∣∣ψj+1

∣∣rγ+j . (41)

From inequalities (40) and (41), we obtain the desired result and this completes the proof of Theorem 4.1.

Theorem 4.2. Let f(z)γ defined by (16) be in the class RSγn(α, β, j). Then, for
∣∣z∣∣ < r = 1, β ≥ 0,

−1 ≤ α < 1 and γ > 0

γrγ−1 − (1− α)(γ + j)

(1 + β)
(
γ+j
γ

)n∣∣ψj+1

∣∣rγ+j−1 ≤
∣∣∣(f(z)γ

)′∣∣∣ ≤ γrγ−1 +
(1− α)(γ + j)

(1 + β)
(
γ+j
γ

)n∣∣ψj+1

∣∣rγ+j−1. (42)

Proof. The proof is much similar to that of Theorem 4.1.
Letting n = 0, γ = 1, β = 0 and α = −1 in Theorem 4.1, Then we obtain the following corollary.

Corollary 4.3. Let f(z)γ defined by (16) be in the class RS1
0(−1, 0, j). Then, for

∣∣z∣∣ < r = 1, β ≥ 0,
−1 ≤ α < 1 and γ > 0

r − 2∣∣ψ2

∣∣ ≤ ∣∣f(z)
∣∣∣ ≤ r +

2∣∣ψ2

∣∣
where ψk is as earlier defined.
likewise if we let n = 0, γ = 1, β = 0 and α = −1 in Theorem 4.2, Then we obtain the following corollary.

Corollary 4.4. Let f(z)γ defined by (16) be in the class RS1
0(−1, 0, j).

1− 4r∣∣ψ2

∣∣ ≤ ∣∣f ′(z)∣∣∣ ≤ 1 +
4r∣∣ψ2

∣∣
and ψk is as earlier defined.

5 Conclusion

Ultimately, several authors have studied the Bazilevic class T γn (β) from different perspectives while their
results authenticated diversely in literatures (see [1, 2, 8, 9] among others). The inclusion of the famous
generalized Bessel differential equation in the present work which has a numerous applications in engineering
and other fields of science has provided interesting extensions and generalizations of the study of the
Bazilevic class T γn (β). The results of the extensions and generalizations are detailed in the present article
using succinct mathematical approach.
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